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Abstract — This paper considers a multi-user MISO broadcast 
system for simultaneous wireless information and power transfer 
(SWIPT), where multiple receivers receive energy and informa- 
tion simultaneously from the signal broadcast by a base station 
based on dynamic power splitting (DPS). We aim to minimize 
the total transmission power by joint beamforming and power 
splitting under both the signal-to-interference-plus-noise ratio 
(SINR) constraints and energy harvesting (EH) constraints. The 
joint beamforming and power splitting problem is a nonconvex 
problem which is complicated by the coupling of transmit 
beamformers and power splitting ratios. We apply semidefinite 
relaxation method to the problem and derive a relaxed but 
convex problem. By dealing with the dual problem of the relaxed 
problem, we propose a joint beamforming and power splitting 
algorithm and moreover present some conditions under which 
the relaxation solution is optimal. Simulation results show that 
more transmission power can be saved by using dynamic power 
splitting as compared with using fixed power splitting. 

Index Terms — Simultaneous wireless information and power 
transfer, energy harvesting, beamforming, power splitting, 
semidefinite relaxation. 

I. Introduction 

Green radio has been an important research topic under the 
pressure of increasingly severe energy crisis and environmental 
pollution. Besides energy saving technologies, utilization of 
environmental energy sources is also a promising way to 
realize green radio. Different from other environmental energy 
sources such as wind, solar, geothermal heat, etc., radio signal 
is not only a potential green energy source but also can 
carry wireless information. Recently, simultaneous wireless 
information and power transfer (SWIPT) has gained a great 
deal of attentions [1]— [10] and brings new challenges on 
design of transmission schemes and protocols that utilizes the 
harvested energy efficiently. 

Initial research works in the field of SWIPT focus on 
point-to-point single-antenna SWIPT systems. In |fl~), 0, the 
tradeoffs between information rate and power transfer are 
characterized for point-to-point single-antenna SWIPT system 
under different channel setups. [3| considers a more complex 
point-to-point single-antenna SWIPT system subject to time 
varying co-channel interference, where the optimal receiv- 
ing mode (either information decoding or energy harvesting) 
switching rule is derived to achieve various trade-offs between 
wireless information transfer and energy harvesting. Multi- 
antenna SWIPT system has been investigated in 0-|6]. E) 
considers a MIMO broadcast channel with two separated or 
co-located receivers (one is information receiver and the other 



is energy receiver), where the rate-energy region is charac ter- 
ized and the optimal transmission schemes are investigated. 
[5'| studies quality of service (QoS)-constrained robust beam- 
forming for a two-user MISO SWIPT system with separated 
information/energy receivers. [6 ] extends [£0, [J5] and investi- 
gates the optimal beamforming strategy for multi-user MISO 
SWIPT system with separated information/energy receiver. 
0, considers SWIPT over multiple access channel and 
relay channel. |9| proposes a dynamic power splitting (DPS) 
scheme, where the received signal is split with adjustable 
power ratio for energy harvesting and information decoding, 
to mitigate the practical limitation of hardware realization of 
co-located information/energy receiver. 

In this paper, we consider a DPS-based multi-user MISO 
SWIPT system, where a base station with multiple antennas 
transmits signals to multiple single antenna receivers each 
of which can receive both information and energy based on 
dynamic power splitting. Hence, our work is different from the 
most related work [6| where the receivers are scheduled to be 
either an information receiver or an energy receiver. We seek 
to minimize the transmission power by joint beamforming and 
power splitting subject to two types of QoS constraints: one is 
the SINR constraint while the other is the energy harvesting 
constraint. We formulate this as a nonconvex problem which 
is complex due to the coupling of the beamformers and power 
splitting ratios in the QoS constraints. We apply the popular 
semidefinite relaxation (SDR) technique [ 10 ] to the nonconvex 
problem and solve the relaxed problem by dealing with its 
dual problem. We show some mild conditions under which the 
relaxation is tight, i.e., the SDR solution is also the optimal 
solution to the original nonconvex problem. Simulation results 
show that more transmission power can be saved by using 
dynamic power splitting as compared with using fixed power 
splitting. 

The remainder of this paper is organized as follows. The 
system model and problem formulation are presented in Sec- 
tion II. In Section III, we propose the semidefinite relaxation 
based solution and perform an analysis on the tightness of the 
relaxation. Section IV presents some simulation results, while 
Section V concludes the paper. 

Notations: In this paper, scalars are denoted by lower- 
case letters, bold-face lower-case letters are used for vectors, 
and bold-face upper-case letters for matrices. For a square 
matrix A, Tr(A) and A H denote its trace and conjugate 
transpose respectively, while A ^ means that A is a positive 



semidefinite matrix. I„ denotes an n by n identity matrix. | \x\ \ 
is the Euclidean norm of a complex vector x. The distribution 
of a circularly symmetric complex Gaussian (CSCG) random 
vector variable with mean /x and covariance matrix C is 
denoted by CAf(^, C), and "~" stands for "distributed as". 
C mXTl denotes the space of m x n complex matrices. 

II. System Model and Problem formulation 

Consider a multi-user MISO downlink SWIPT system of K 
users, where the base station (BS) is equipped with Nt > 1 
antennas and each user is equipped with a single antenna. We 
assume the BS transmits a combination signal of all users' 
using a set of beamforming vectors v k € C NtXl . Each user 
k receives signal and splits it into two parts. One part is 
used for further signal processing and symbol detection, and 
the other part is driven to the energy harvesting circuit for 
conversion to DC voltage and energy storage. The system 
model is depicted in Fig. Q] where p k is the power splitting 
ratio which means a fraction, p k , of the received signal energy 
is used for information decoding while the remaining energy 
is for energy harvesting. 
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Fig. 1. A power splliting-based MISO SWIPT system. UE k splits the 
received energy with a power spliting ratio pk into two parts for energy 
information decoding and energy harvesting. 



Assume frequency-nonselective Raleigh block fading chan- 
nels between the BS and users. Let s k ~ £A/"(0, 1) be the 
transmitted symbol intended for user k. Then the received 
signal at user k before power splitting can be mathematically 
expressed as 
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where n k ~ CAf(Q,a k l ) is an additional white Gaussian noise 
(AWGN) introduced by the receiving antenna, hf. denotes the 
channel between the BS and user k. After power spliting, the 
signal for information decoding at user k is modeled as 
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where z k — CA/"(0,<5|) is an AWGN due to RF to baseband 
signal conversion [9|, and the signal for energy harvesting is 
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We assume all the noises n k 's, z k s and symbols s^'s 
are independent from each other. Then the SINR metric for 
symbol detection at user k is given by: 



SINR fc = 
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and the harvested power at user k is 
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where ( k £ (0 1] denotes the conversion efficiency of the 
energy harvesting unit. 

Different from a general wireless communication system, 
there are two types of QoS requirement in an SWIPT system. 
To guarantee successful symbol detection, it is required for 
each user k that the achieved SINR should be higher than 
a threshold ^ k , corresponding to SINR constraint. Also, to 
ensure substantiable power supply for user k, the harvested 
power E k should be higher than a threshold e k , corresponding 
to EH constraint. Under these two kinds of QoS constraints, we 
seek to minimize the transmission power by joint beamforming 
and power splitting. The corresponding optimization problem, 
called QoS constrained power minimization (QCPM) problem, 
can be mathematically written as 
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where e? = 4^ 
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We assume problem (|6Jl is feasible throughout this paper and 

moreover 7fe > 1 and e\ > a\ for all k. Clearly, problem © is 

nonconvex and difficult to solve. Particularly, even when p k 's 

are fixed, the problem is still more difficult than the general 

SINR-constrained power minimization problem (which can be 

cast as a second order cone programming (SOCP) by phase 

rotation and thus solved efficiently [11]) due to the extra 

nonconvex EH constraints. 

Ill, Semidefinite Relaxation Based Solution 

In this section, we propose a semidefinite relaxation based 
solution to problem ©. Specifically, we first relax the non- 
convex problem (0 as a convex problem by using semidefinite 
relaxation technique. Then we solve the resultant problem in 



its dual domain and give conditions under which the relaxation 
is tight. 

A. Semidefinite Relaxation and Dual Problem 

Define X^ = v k v k . Then problem © can be equivalently 
transformed to 

K 

min y^Tr(Xfe) 

k— 1 
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5>fx^> r 
x fe b o, 

Rank(X fc ) = 1, 

0<p fe < l,fce/C. 

Problem (0 is still nonconvex due to the rank constraint. By 
relaxing the rank constraint (i.e., dropping it), we obtain the 
following optimization problem 
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y>fxj» fc > 
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X fc b0, 

0<p fc < l,fce/C. 

Note that — and t-1 — are convex functions of pu when < 

Pk i-pk r — 

Pfc < 1. Hence, the constraint set is convex and thus problem 

^ is a convex problem. Although problem dHJ can be cast as 
a linear cone programming and thus solved by some off-the- 
shelf optimization tools, to facilitate analysis and reduce the 
problem size, we instead consider its dual problem which is 
simpler. 

First we present the following two lemmas but omit the 
proofs here. 

Lemma 1: Strong duality holds for problem ((5). 

Lemma 2: Let x,y > 0. The problem 
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has a closed form solution p* = -^j— and its optimal value is 
(x + y) 2 . 

Let Afc and p k be respectively the dual variable associated 
with the first and second constraint of problem dH). Let X 
denote the set of {X^.}, p denote the set of {p k }, and similarly 
for A and p. Based on Lemma 1 and Lagrange dual theory 
|[T2l . we have the dual problem of problem ((HJ as follows 

max min L(X, p, A, u) 

{Xh,lik>0} {X. k tO,0<pk<l} 



where L(X, p, A, p,) shown in (O is the Lagrange function. 
Further, by using Lemma 2 and noting that miriY^o Tr(AY) is 
zero when A^O otherwise negative infinity, we can explicitly 
write out the dual problem and have the following proposition. 

Proposition 1: The dual problem of problem dD is 
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And the optimal primal variable p* k , dual variables A£, p* k , 
k e K, are related by 
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V X k 6 k + V^k e k 

Since p k and 1 — p k must be positive, we have the following 
Corollary. 

Corollary 1: The optimal dual variables are all positive, i.e., 
A£,^>0, fce/C. 

B. When The Relaxation Is Tight? 

Throughout the rest of the paper, we denote the optimal 
dual variables by A£'s and p%'s, and denote the optimal primal 
variables by p k 's and X£'s. Define 
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and denote the optimal Y k by YjJ; (corresponding to the 
optimal dual variables). 

In terms of the complementarity condition (one of first-order 
optimality necessary condition |12|), we have Y^X^ = 
for all fc, that is, the columns of X£ lie in the null space 
of Yjji. Hence, when Rank(Y^) = JV t — 1, we always have 
Rank(X^) = 1 and factorizing X.* k as X.* k = i>£ (v* k ) H yields 
the optimal solution of problem (O (i.e., v k ), implying that the 
semidefinite relaxation is tight. In the following, we present 
some cases when Rank(Y^) — N t — 1. First, an important 
property of YJj's is stated in the following lemma. The proof 
is simple and omitted here. 

Lemma 3: Y^'s are positive semidefinite but not positive 
definite. 

Lemma [3] implies the following proposition. 

Proposition 2: If Nt — 2, i.e., the BS is equipped with two 
antennas, Rank(Y*) = N t - 1, Vk € K. 

By noting that Y£ is in the form of a positive definite matrix 
subtracting a rank one positive semidefinite matrix when \* k > 
pi holds for all fc, we have Proposition [3] 

Proposition 3: If A£ > pi for all fc, then Rank(Y^) = 
N t -l,k€K. 

The following proposition gives a condition under which it 
must hold that A£ > p* k . 
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Proposition 4: If 7fe, £&, <7fc, ek, k £ K. satisfy 

24e fe ( 7 fc - 1) +7fc(*fc + **) - (efc - aft > 0,fc G /C, (11) 

then A£ > fi* k ,k E K. 

Proof: A sketch of the proof is provided here. Assume 
for contrary there exists one k for which A£ < /i£. Consider 
increasing X k by 7&x and decreasing /i£ by a: where x > 0, 
while fixing all other A*'s and /i*'s, i.e., define X k = A^+7fcX, 
\j = A*, j y^ k, and \x k = /i£ — x, /ij = /1*, j 7^ fc, It can be 
easily verified that, Afc's and /ife's satisfy the matrix inequality 
constraints of the dual problem. Let p denote the objective 
function value of the dual problem at Afc's and /Xfe's, and p* 
denote the objective function value of the dual problem at A£'s 
and (j/f.'s. It can be easily checked that 

p-p* = x<y k (Sk + °i) ~ x( e i ~ °i) 



- 2S k e k y(X* k + jkx)(fj.* k - x) - 25 k e k y/X* k p* k 

(12) 



Define the right-hand-side of eq. dTzb as function 
have 



d<p(x) 
dx 
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x). We 
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(13) 
Now we can verify that under condition ([TO there must exist 



an arbitrarily small x > at which 



d4>(x) 
dx 



> 0, implying 



p > p* at x and thus the proof is completed. ■ 

Remark 1: In terms of Proposition [2] [3] and [4] it is known 
that, if the condition ( TTTT > is satisfied or the BS is equipped 
with two antennas, then the semidefinite relaxation is tight. 

C. Linear Cone Programming Based Beamforming Algorithm 
The dual problem can be equivalently written as 
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The equivalence is due to the fact that the optimal Afe's, /ZfeS, 
Wk's must be positive in order to maximize the objective 
function of problem ( TBI . Since the constraint X k /J, k > w k 
is equivalent to 



Afe + i± k > y (Afe - fi k ) 2 + w 2 k , 



which is a second-order cone constraint, problem (Tl4l can be 
further cast as the following linear cone programming 
K 
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After solving problem ( fT5t , if all the matrices^ Y^'s are 
of rank N t — 1, we can recover the primal solution. First, we 
obtain the normalized beamformers by matrix decomposition 
in terms of the complementarity condition Y^XJ! = 0. Then 
we find the optimal power allocation by solving a linear system 
constructed from the SINR constraints by noting that the SINR 
constraints must be satisfied with equality at the optimality. 
The proposed algorithm is summarized in TABEL Q] 

TABLE I 
Joint beamforming and power splitting algorithm 



. Input: h k , a\, 6\, J k , e|, k £ K 

• Output: the transmit beamformers v£'s and power splitting 
ratios p^'s. 

1 solve problem dl5t and obtain A£, jitj, and Yf, fc £ ^C 

2 set pl= ^f^ S " ,fc£/C 

3 find the eigenvector v k of Y^ with zero eigenvalue, k £ K, 

4 construct a K by K matrix A with its (i.j)-th entry being 

— \hiVi\ 2 , i = j 
li 

and a vector b with its fe-th entry being 



Pi 



5 find the optimal power allocation p by solving the linear 
system Ap = b 

6 set vZ = <ypk v k > k 6 K where pfc is the fe-th entry of p 



IV. Simulation results 
In this section, we numerically evaluate the performance of 
the proposed beamforming algorithm in terms of the minimum 

'in our simulations, we always find that all Y^'s are of rank Nt — 1, that 
is, the semidefinite relaxation is always tight. 



total transmission power for different parameter configura- 
tions. The same parameters S 2 , a 2 , e 2 , 7 are set for different 



users, i.e., 8i 



Ik 



7, Vfc G JC. 



Moreover, we set a 2 = S 2 = — 10 dBm in all our simulations. 
All channel coefficients between transmit antennas and receive 
antennas are randomly and independently generated according 
to an identical CSCG distribution with zero mean and unit 
variance. In all our plots, each result is averaged over 100 
channel realizations. 

Figures|2]and|3]illustrate the average minimum transmission 
power required for different SINR and energy harvesting 
power requirement. Note that the condition dTTt holds for all 
parameter combinations in this set of simulations. By checking 
the rank of Y£'s, we find that the relaxation is indeed tight. 
In addition, as expected, the required total transmission power 
increases with 7 and e 2 . Particularly, one can find from Fig. 
13 that the total transmission power will converge as the EH 
power e 2 decreases. The reason is that for small e 2 , the energy 
harvesting constraint will be inactive. 




Fig. 2. The total transmission power increases with SINR threshold 7: 
K = Nt = 4, e 2 = dBm. 
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Fig. 3. The total transmission power increases with energy harvesting power: 
K = N t = 4, 7 = 10 dB. 



Figures |4]illustrates the total transmission power required by 
beamforming with dynamic power splitting and beamforming 
with fixed power splitting (pi = P2 = 0.5) when the BS is 
equipped with two antennas. From the plot, one can observe 
that using dynamic power splitting can save transmission 
power especially when the SINR requirement is high. 




Fig. 4. Joint beamforming and power splitting versus beamforming with 
fixed power splitting: K = Nt = 2, e 2 = dBm. 



V. Conclusion 

In this paper, we have considered QoS-constrained power 
minimization problem for multi-user MISO SWIPT system. 
A joint beamforming and power splitting algorithm has been 
proposed by applying semidefinite relaxation technique and 
Lagrange dual theory. We have shown some conditions under 
which the relaxation solution is optimal to the nonconvex 
joint beamforming and power splitting problem. From our 
simulations (not reported in this paper), we also note that the 
semidefinite relaxation is always tight even when the condition 
(fTTI) is not satisfied. Hence, We conjecture that the semidefinite 
relaxation for this problem may be always tight. The proof for 
this is left as our future work. 
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